The discrete-ordinates method is used to develop a solution to a class of polarization problems in the theory of radiative transfer. The I and Q components of the Stokes vector are used to describe the polarized radiation Ðeld, and the model considered allows a mixture of Rayleigh and isotropic scattering with complete frequency redistribution (completely noncoherent scattering) and continuum absorption. In addition to a general formulation for a Ðnite plane-parallel medium, speciÐc computations for both the Doppler and the Lorentz proÐles of the line-scattering coefficient are reported for a general problem with internal emission and radiation incident on one surface of the layer.
INTRODUCTION
In three recent papers (Barichello & Siewert we used exact analysis (the H function), the method, 1998a, 1998b, 1999) , F N and the discrete-ordinates method to develop and evaluate solutions to some basic problems speciÐc to a class of nongray problems in radiative transfer that are based on the equation of transfer written, following as Hummer (1968) ,
where is the source function,
and B(q) is the Planck function evaluated at the center of the line. We note here that x is the normalized frequency variable measured (in dimensionless units) from the line center, q ½ [0, is the optical depth, is the optical thickness of the q 0 ] q 0 plane-parallel medium, and k ½ [ [1, 1] is the cosine of the polar angle (as measured from the positive q-axis) that describes the direction of propagation of the radiation. In addition, -½ [0, 1) is the albedo for single scattering, b º 0 is the ratio of the continuum absorption coefficient to the average line coefficient, o is the ratio of the continuum source function to the Planck function, and /(x) is the line-scattering proÐle.
In this work, we consider a more general model that includes some polarization e †ects, so we start with a generalization (b º 0) of the equation of transfer used by in an early work on this subject, viz., Faurobert (1987) 
where S x (q, k) \ 1 2 -/(x) P~= = /(x@) P~11 P(k, k@)I x{
Here the vector has the two Stokes parameters and as components, P(k, k@) is the phase matrix, and the I x (q, k) I x (q, k) Q x (q, k) vector B(q) deÐnes a thermal creation term. Following Frisch, & Nagendra and Grachev, & Faurobert-Scholl, (1997) Ivanov, Loskutov we make use here of the phase matrix introduced by to describe the combined e †ects (1997), Chandrasekhar (1950) of isotropic and Rayleigh scattering, and so we write The scattering matrix can be factored in various ways ; here we choose (Chandrasekhar 1950) . to use the factorization attributed to Rachkovsky by et al. and so we write Ivanov (1997),
where the superscript T denotes the transpose operation, and where
We now consider it our job to solve for a given B(q), subject to the boundary conditions equation (3)
Here the vectors and that describe any radiation incident on the layer are assumed to be speciÐed. 
allows us, after the changes in notation,
to rewrite equations and as
for m ½ ([c, c) and q ½ (0, and q 0 )
and
for m ½ (0, c).
Here
is an inhomogeneous term (considered known), and c \ sup We consider proÐles /(x) that vanish at inÐnity, so c \ 1/b. In c x . addition, the set is deÐned such that if and only if [/(
Here is a particular solution of corresponding to the speciÐed inhomogeneous term I x p(q, m) equation (10) Q x (q), and the vector G(q, m) is to be deÐned. Substituting equations and into and using the conditions given (13a) (13b) equation (10) in we Ðnd that equations and are correct if G(q, m) satisÐes equations (11),
for m ½ ([c, c), q ½ (0, and the boundary conditions q 0 ),
for m ½ (0, c). Here
In & Siewert particular solutions of were reported for several "" simple ÏÏ inhomogeneous McCormick (1970) equation (1) terms, and the inÐnite-medium GreenÏs function was used to develop a general procedure for constructing a particular solution. We consider for the moment that the particular solution we require for the polarization problem deÐned in this work is available, and so we proceed to develop our discrete-ordinates solution to the "" G problem ÏÏ deÐned by equations and (14) (15).
A DISCRETE-ORDINATES SOLUTION
We note Ðrst that the characteristic matrix W(m), as deÐned by is symmetric. We also note that W(m) \ W([m), equation (16), and so we write our discrete-ordinates equations as
and 
into equations and to Ðnd (18a) (18b)
for i \ 1, 2, . . . , N. If we now let and denote the two components of U(l, and if we use
then we can rewrite equations and as (20a) (20b)
Here I is the 2N ] 2N identity matrix, the two vector elements of are and the four N ] N matrix elements of
where for m, n \ 1, 2, are the elements of W(m), and ( m,n (m),
Continuing to follow & Siewert we now let Barichello (1999),
so that we can eliminate V between the sum and the di †erence of to Ðnd equations (22) 
where j \ 1/l2 and
Assuming that we have found the required separation constants from the eigenvalues deÐned by we go (^l j ) equation (26), back to equations and to Ðnd and so we write our general solution to equations and as
Here is a vector in the null space of
where I is now the 2 ] 2 identity matrix, and the arbitrary constants and are to be determined from the boundary A j B j conditions. Of course, we cannot allow in To Ðnd the constants and we substitute
evaluated at the quadrature points to obtain the system of linear algebraic equations equations (15), m i ,
for i \ 1, 2, . . . , N. Once we have solved equations and to Ðnd the required constants and we substitute (30a) (30b) A j B j , into the right-hand sides of equations and We next replace with m in the resulting equations to Ðnd equation (28) (18a) (18b).
We can now solve equations and to obtain our "" postprocessed ÏÏ results, viz., (31a) (31b)
Having developed our discrete-ordinates solution to a general problem, we consider several particular problems and report on some numerical aspects of our solution.
SOME BASIC ELEMENTS FOR THE DOPPLER AND LORENTZ PROFILES
As can be seen from the previous section, the characteristic matrix W(m) deÐned by is the Ðrst quantity we must equation (16) develop if we are to evaluate our discrete-ordinates solution for the two applications considered here, viz., the cases of the Doppler and Lorentz line-scattering proÐles. So, when using in we can write equation (7) equation (16),
where, in general,
and where
for n \ 1, 2, . . . , so that we can write
At this point we must consider the two cases separately. First, for the Doppler case where
we Ðnd that we can evaluate the integrals deÐned by to obtain equation (37)
for n \ 1, 2, . . . . Here erfc (z) is the complementary error function,
In a similar way, we can evaluate the integrals given by for the Lorentz case where equation (37)
to Ðnd for n \ 1, 2, . . .
where
, and l 6 \ 63 512n5 .
To complete we list equation (44),
Having completed our explicit evaluation of the characteristic matrix W(m), we list here some additional results that we will use in the next two sections, where we develop and evaluate our discrete-ordinates solution. First, we write the dispersion matrix for the considered polarization problem as
where I is the 2 ] 2 identity matrix, and we Ðnd, for m ] O,
We also list here our results for the quantities
that will be used in the expression for a particular solution we develop in the next section of this work. We deÐne
so that we can express equations and as (50b), (51a), (51b)
We note that
To complete this part of our work, we can evaluate the integrals deÐned by for n \ 1, 2. For the case of the equation (52) Doppler line-scattering coefficient, we Ðnd
We note that For the Lorentz case, we can write
5. SOME APPLICATIONS OF THE DEVELOPED SOLUTION
Having discussed our solution to the given class of radiative-transfer problems, we are ready to solve some speciÐc problems and report some numerical results. Because we want the problems solved here to include the problems discussed in Vol. 513 et al. and et al. we consider a Ðnite layer with a monoenergetic beam incident on one Faurobert-Scholl (1997) Ivanov (1997), surface, and we take the Planck function B(q) to be the constant B, with components and We therefore start with the
and the boundary conditions are
and As discussed in we can use the m variable to rewrite the problem deÐned by equations and as the°2, (61), (62)
for m ½ ([c, c) and q ½ (0, and the boundary conditions q 0 ),
Considering now the inhomogeneous term given in
we Ðnd that we can use the particular solution equation (64),
and where K(O), and are conveniently expressed by equations and
. Looking back to equations and we see that in order to have the desired Ðnal result, we must also solve the G (13a) (13b), problem deÐned by equations and which we rewrite here as (14) (15),
for m ½ ([c, c) and q ½ (0, with, for the considered application, q 0 )
for m ½ (0, c). Here we have introduced
where, to be speciÐc, we write
for the Doppler case and
for the Lorentz case. In writing equations and we have also introduced (69a) (69b),
which can be rewritten in terms of quantities deÐned by equations and viz., (40) (44),
and (75) Here the elements of the diagonal C matrix are
where and are deÐned by equations and where
It is clear that because of the presence of the generalized function in we cannot use our discrete-
) equation (69a), ordinates solution to solve the G problem as deÐned by equations and so we substitute (68), (69a), (69b),
into equations and to obtain a problem that is free of generalized functions, viz.,
for m ½ ([c, c) and q ½ (0, with the boundary conditions q 0 ),
for m ½ (0, c). Here the inhomogeneous term in is given by equation (79) S(q) \ F 0 e~q@m0 where
In of this work, we developed our discrete-ordinates solution to a homogeneous version of that we can, of°3 equation (79) course, use. However, we also require here a particular solution to account for the inhomogeneous term S(q) in equation (79). We follow a procedure similar to the one used in to Ðnd°3
While the particular solution given by can be used in many calculations, it cannot be considered a general result, equation (82) since in that solution we cannot allow either to be one of the quadrature points or, since would be singular, to be m 0 m i X(m 0 ) one of the eigenvalues We note that a particular solution that does not su †er from either of these restrictions can be found l j . by extending to the vector model considered here the results of the recent work of Garcia, & Siewert on Barichello, (1999) particular solutions for the discrete-ordinates method. For the moment, at least, we choose to use the simple form given in especially since if one or both of these restrictions were violated for a given value of N, they would not be equation (82), violated for other, equally valid, values of N.
Having found a particular solution, we can now express the desired solution to the problem as G *
where the constants and are to be found from the system of linear algebraic equations obtained when is A j B j equation (84) substituted into equations and evaluated at the quadrature points, viz., (80a) (80b)
for i \ 1, 2, . . . , N. Here
Once we have solved equations and to Ðnd the constants and we can construct our postprocessed result. The (85a) (85b) A j B j , development of the postprocessed result here is very similar to the procedure used in to obtain equations and°3 (32a) (32b). However, since has the inhomogeneous term S(q), the computation that yielded equations and equation (79) (32a) (32b) requires a minor modiÐcation to account for the addition of the particular solution we have used. We omit some details here and simply list our Ðnal result for the problem as
for m ½ (0, c). Here and are deÐned by equations and
where the S and C functions are given by equations (33). It is clear that the solution we have developed here includes the solutions of two special cases of the general problem deÐned by equations and That is, if we consider F \ 0 and then we have the case of a radiation Ðeld (61), (62), (63a),
. B D 0, generated only by the internal source, viz., the Planck function. On the other hand, if we consider B \ 0 and then we F D 0, have an arbitrary mixture of the classical albedo problem and the case of isotropic incident radiation.
Clearly, our job here is Ðnished once we Ðnd the constants and however, before proceeding to some numerical work, A j B j ; we state our Ðnal solution to the problem deÐned by equations and We use equations (61), (62), (63a),
. (65a), (65b), (66), and in equations and to Ðnd (78), (80a), (80b), (87a), (87b) (13a) (13b)
, and for all x. In writing equations and we have used
along with
where N and Y are given by equations and and and (88a) (88b) (89a) (89b). Now we are ready to use our discrete-ordinates solution to compute the only quantities that are not already known explicitly, viz., C(q, m) and C(q, [m) for m ½ (0, c).
SOME NUMERICAL ASPECTS OF OUR DISCRETE-ORDINATES SOLUTION
In regard to our numerical work, we note that it closely follows our work in & Siewert but for Barichello (1999), completeness we repeat here some of the discussion given there. First, we must deÐne the quadrature scheme to be used in our discrete-ordinates solution.
Noting that the characteristic matrix W(m) is deÐned di †erently in each of two subintervals [0, and c], we use a c 0 ]
[c 0 , Gauss-Legendre scheme on the interval [0, 1], after using a linear transformation to map the Ðrst part of the integration interval, viz., [0, onto [0, 1] . For the second part of the integration interval, we used either the transformation (B. Rutily c 0 ], 1997, private communication)
with u(c) \ 0, for the Lorentz case, or the transformation 
] N 2 While we found that the quadrature scheme deÐned in the preceding discussion works well as long as * \ 1, we also concluded that a modiÐcation is desirable in order to take into account the step function that is present in #(x 0 , m) equation To this end, we subdivided the interval u ½ [0, 1] into u ½ [0, and where and we used a (69a).
), separate Gauss-Legendre quadrature scheme on each of the subintervals. We note that this interesting case, in which a discontinuous function appears in the boundary conditions of a radiative-transfer problem, is the Ðrst of this class we have seen. We therefore see, as a result of this step function m) appearing in the boundary conditions, that the choice of a good #(x 0 , quadrature scheme in a discrete-ordinates solution in the Ðeld of radiative transfer can depend on both the equation of transfer and the boundary conditions. Having deÐned our quadrature scheme, we found the required separation constants by using the driver program RG l j from the EISPACK collection et al.
to Ðnd the eigenvalues of the problem deÐned by In addition, (Smith 1976) equation (26). we used a Gaussian elimination package from the LINPACK collection et al. to solve the system of linear (Dongarra 1979) algebraic equations that deÐnes the constants and required in the solution.
A j B j At this point, we consider it important to note that since the characteristic matrix W(m) used in this work can be zero, from a computational point of view, we can have some of the separation constants equal to some of the quadrature points Of l j m j . course, this is not allowed in and so, since the quadrature points where W(m) is e †ectively zero make no equation (28), contribution to the right-hand side of equations and we have resolved this issue by omitting these quadrature (18a) (18b), points from our calculation.
In order to use fully the FORTRAN program written to implement the discrete-ordinates solution we have developed here, we consider two basic problems, one for the Doppler line-scattering coefficient and the other for the Lorentz case, that have none of the deÐning physical parameters set equal to zero. While it may be that the test problems we deÐne are more general than might be required, we wish to use and evaluate all aspects of our solution.
In we list the values of the physical data used to deÐne the problems for which we choose to report our numerical Table 1 results. In Tables and we list the Ðrst and second components of the vector C(q, m), the fundamental quantity required to 2 3 deÐne the solution given by equations and for the case of the Doppler line-scattering coefficient, and in Tables  (90a) (90b), 4 and we report our results for the Lorentz case. Concerning the accuracy of the results listed in these tables, we note that we 5 have been unable to Ðnd any comparison results applicable to the general case we consider ; however, by noting the stability in our results as we varied the order of the quadrature scheme about the Ðnal quadrature schemed used, we have developed some conÐdence that our results are correct to within 1 unit in the last digit given. At the same time, we cannot be certain that the FORTRAN implementation of our solution is free of errors ; additional computational work is planned that will (we hope) support the numerical results reported here.
